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Abstract
A space is called projectively σ -compact, if every separable metrizable continuous image of this
space is σ -compact. In particular, we establish when Cp(X) is projectively σ -compact. In the last
section, a theorem on cardinality of Lindelöf spaces is proved and then applied to obtain a result in
Cp-theory. Ó 2000 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction
Throughout the article, under “a space” we understand a Tychonoff space, though for
some results Hausdorff or T1 would suffice. In notation and terminology we follow [11,8,
4].
Following a general idea in [3], we call a space X projectively σ -compact, if every
separable metrizable continuous image of X is σ -compact.
As usually, if X is a space and P a topological property, we say that X is σ −P if X is
the countable union of subspaces with the property P .
A subset A of a space X is called bounded in X if every continuous real-valued
function f onX is bounded onA. Bounded subsets are preserved by continuous mappings,
and every closed bounded subset of a separable metrizable space is compact (see [2]).
Therefore, we have [7]:
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Proposition 1.1. Every σ -bounded space is projectively σ -compact.
In particular, every σ -pseudocompact space is projectively σ -compact. Note also, that
if in the above definition we replace “σ -compact” by “σ -bounded”, we obtain the same
class of spaces, that is, projectively σ -compact spaces are the same things as projectively
σ -bounded spaces.
One of the first questions concerning projectively σ -compact spaces which comes to
mind is: under what additional restrictions on a projectively σ -compact space it becomes
σ -compact? A plausible conjecture would be that paracompactness or the Lindelöf
property could be sufficient for that. But this is not the case (see the next section).
In the first three sections of this article, we investigate how close comes projective
σ -compactness to σ -compactness or σ -boundedness, when we impose certain additional
restrictions. In particular, one of our main results in this direction is concerned with
projective σ -compactness of Cp(X). We compare this result with a theorem on projective
analyticity of Cp(X). Recall thatCp(X) is the space of real-valued continuous functions on
X in the topology of pointwise convergence, C0p(X) is the subspace of Cp(X), consisting
of bounded continuous functions; if Y is a subspace of Cp(X), then Cp(Y |X) is the
subspace of Cp(Y ) consisting of restrictions to Y of functions from Cp(X); similarly
is defined C0p(Y |X). In the fourth section we considerably strengthen a result in [4],
establishing in terms of Y and X, when Cp(Y |X) is σ -compact.
In the last section we prove a generalization of a result of Shapirovskij on cardinality
of sequential Lindelöf spaces with caliber ω1 [19], and also give an application of it to
Cp-theory.
2. Projective σ -compactness and some other properties
Recall that a spaceX is said to be ω-simple [4], if every separable metrizable continuous
image of X is countable. Obviously, we have:
Proposition 2.1. Every ω-simple space is projectively σ -compact.
A space X is a P -space, if each Gδ subset of X is open in X (for a definition of a p-
space see [8]). It was shown in [4] that every Lindelöf P -space is ω-simple. Therefore, we
have:
Proposition 2.2. Every Lindelöf P -space is projectively σ -compact.
Now, the one-point LindelöficationL(ω1) of an uncountable discrete space is a Lindelöf
P -space. Therefore, L(ω1) is a projectively σ -compact, Lindelöf, non-σ -bounded space.
Note, that every Lindelöf space with not more than one non-isolated point is ω-simple, and
therefore, projectively σ -compact.
On the other hand, we have the following result of Okunev [18]:
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Proposition 2.3. A space with a countable network is projectively σ -compact if and only
if it is σ -compact.
After Propositions 2.3 and 2.2 it is reasonable to ask, whether every projectively σ -
compact Lindelöf Σ-space is σ -compact. Okunev in [18] pointed to an example of a
LindelöfΣ-space Z, constructed by Talagrand [21], such that Z is projectively σ -compact
and non-σ -compact. Recently, Okunev constructed a projectively σ -compact Kσδ-space,
which is not σ -compact (see Example 2.8 below).
Recall, that a space X is said to be a Kσδ-space if, in some larger space Z, X can be
represented as the intersection of a countable family of σ -compact subspaces of Z.
Now, Lindelöf Σ-spaces are continuous images of Lindelöf p-spaces, which constitute
an important subclass of the class of Lindelöf Σ-spaces. It seems worth noting that the
situation in this more narrow class of spaces is different:
Theorem 2.4. If a Lindelöf p-space X is projectively σ -compact, then X is σ -compact.
Proof. There exists a perfect mapping of X onto a separable metrizable space Y [8]. Since
X is projectively σ -compact, it follows that Y is σ -compact. It remains to recall that a
preimage of a σ -compact space under a perfect mapping is σ -compact [11]. 2
Now we present a result which shows that under a mild restriction on a projectively σ -
compact space it comes very close to being a σ -compact space. Recall that a space X is
said to be a Hurewicz space if for every countable family {γn: n ∈ ω} of open coverings
of X one can choose a finite subfamily λn of γn, for each n ∈ ω, such that ⋃{λn: n ∈ ω}
covers X (see [15,4]). Recall also that the fan-tightness vet(X) is countable, if whenever
x ∈⋂{An: n ∈ N}, where x ∈X and An is a subset of X, one can choose a finite subset
Bn of An, for each n ∈N, such that x is in the closure of the set ⋃{Bn: n ∈N} [4].
Theorem 2.5. If X is a projectively σ -compact space such that Xn is Lindelöf, for each
n ∈N, then Xn is a Hurewicz space, for each n ∈N.
Proof. Let us show that vet(Cp(X)) is countable. Let y ∈ ⋂{An: n ∈ N}, where y ∈
Cp(X) and An is a subset of Cp(X). Since Xn is Lindelöf, for each n ∈N, the tightness of
Cp(X) is countable [4]. Therefore, we may assume that each An is countable. Put
A=
(⋃
{An: n ∈N}
)
∪ {y}.
Then A is a countable subset of Cp(X). The diagonal product of functions in A is a
continuous mapping g of X onto a separable metrizable space Z such that the image M of
Cp(Z) under the dual mapping to g contains A (this is a standard argument, see [4]). Since
X is projectively σ -compact, the space Z is σ -compact. Therefore, vet(Cp(Z)) 6 ω [4].
On the other hand, the spaceM is homeomorphic to Cp(Z) [4]. It follows that vet(M)6 ω.
Since A is a subspace of M , we conclude that vet(Cp(X))6 ω. By the characterization of
vet(Cp(X)) in [4], it follows that Xn is a Hurewicz space, for each n ∈N. 2
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Remark. The conclusion in Theorem 2.5 cannot be strengthened to the conclusion that
X is σ -compact. Indeed, the Lindelöf Σ-space of Talagrand [21], to which we already
referred above, is projectively σ -compact and not σ -compact, while it is a Hurewicz space,
according to Theorem 2.5. Thus, we have an example of a Lindelöf Σ-space which is a
Hurewicz space in every finite power and is not σ -compact.
After Theorem 2.5, it is also natural to ask whether every Lindelöf projectively
σ -compact space is Hurewicz. Let us show that the answer is “yes”. First, recall that for
every open covering γ of a Lindelöf space X there exists a continuous mapping f of X
onto a separable metrizable space Y such that the following condition is satisfied:
(o) There exists an open covering η of Y such that the family {f−1(V ): V ∈ η} of
preimages of elements of η under f refines γ [11, 5.1.J(e)].
We need the following closely related assertion:
Proposition 2.6. For any countable family {γn: n ∈ ω} of open coverings γn of a Lindelöf
space X there exists a separable metrizable space Y , a continuous mapping f of X onto
Y , and a sequence {ηn: n ∈ ω} of open coverings of Y such that the following condition is
satisfied:
(s) The family {f−1(V ): V ∈ ηn} of preimages of elements of ηn under f refines γn, for
each n ∈ ω.
Proof. According to the observation before Proposition 2.6, we can find a continuous
mapping fn of X onto separable metrizable space Yn, and an open covering κn of Yn, for
each n ∈ ω, such that the family {f−1n (V ): V ∈ κn} of preimages of elements of κn under
fn refines γn (see (o) above). Now take f to be the diagonal product of the mappings fn,
where n ∈ ω, and let Y be the image of X under f . Then Y is a subspace of the product of
the spaces Yn, n ∈ ω, and therefore, Y is separable and metrizable.
Let ηn = {pi−1n (W): W ∈ κn}, for each n ∈ ω, where pin is the natural projection of Y
onto Yn. Obviously, condition (s) is satisfied. 2
Theorem 2.7. Every projectively σ -compact Lindelöf space X is a Hurewicz space.
Proof. Indeed, let f , Y , and ηn be such as in Proposition 2.6. Then Y is σ -compact, since
X is projectively σ -compact. Therefore, we can choose a finite subfamily µn of ηn, for
each n ∈ ω, such that the union of these subfamilies covers Y . For every V ∈µn we can fix
UV ∈ γn such that f−1(V )⊂ UV . Put λn = {UV : V ∈ µn}. Then λn is a finite subfamily
of γn, and X =⋃(⋃{λn: n ∈ ω}). 2
Note that the proof of Theorem 2.7 would not work for Theorem 2.5.
Example 2.8. Let us describe a Kσδ-space M such that Mn is a Hurewicz space, for
each n ∈ N, and M is not σ -compact. By Theorem 2.5, it is enough to find a projectively
σ -compact Kσδ-space M which is not σ -compact. Such a space, on my request, was
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constructed by Okunev, who kindly permitted me to include his example, and the argument
around it, in this article. Here it is.
Let P = A(J ) be the Alexandroff double of the space J of irrationals, P = J0 ∪ J1
where J0 is homeomorphic to J , and all points of J1 are isolated, and let M = P/J0 be
the quotient space, obtained by turning the set J0 into a point. Then M is projectively
σ -compact (because it is a Lindelöf space with only one non-isolated point, hence
ω-simple), but not σ -compact.
Let us show that M is a Kσδ-space. To do this, we need the next two lemmas.
Lemma 2.9. Let X be a normal space, F a closed set in X, Y = X/F , and p :X→ Y
the projection. Then the continuous extension p˜ :βX→ βY is clβXF -trivial, that is, the
mapping p˜ is one-to-one on the complement to the set clβXF in βX.
Proof. Let Z = βX/(clβXF) and pi :βX → Z the projection. The fibers of pi are
contained in fibers of p˜, so there is a mapping r :Z → βY such that r ◦ pi = p; r is
continuous because pi is quotient.
Let Y1 = pi(X). The mapping pi |X :X → Y1 is continuous and F -trivial, and
(pi |X) ◦ (r|Y1) = p. It is immediate that r|Y1 is a bijection onto Y ; since p is quotient,
r|Y1 is quotient. Thus, r|Y1 is a homeomorphism. Now, Z is a compact extension of Y1, so
r :Z→ βY is a homeomorphism. 2
Lemma 2.10. Let X be a Kσδ-space, and F a closed set in X. Then Y = X/F is a
Kσδ-space.
Proof. By a standard argument, X is a Kσδ-set in βX. Let {Sn: n ∈ ω } be a family of
σ -compact sets in βX such that X =⋂{Sn: n ∈ ω }. Let p˜ :βX→ βY be the extension
of the projection p :X→ Y , and Tn = p˜(Sn). Clearly, Y ⊂⋂{Tn: n ∈ ω } and Tn are
σ -compact. If y ∈ βY \ Y , then by the previous lemma, p˜−1(y) is a singleton, so for some
n ∈ ω, p˜−1(y)∩ Sn = ∅, and y /∈ Tn. This proves Y =⋂{Tn: n ∈ ω }. 2
Thus, the space M in the example is a Kσδ-space, because A(J ) is obviously a Kσδ-set
in the Alexandroff double of a closed interval.
It remains to show that M is not σ -compact. This follows from the next two lemmas.
Recall, that a subspace A of a space X is said to be relatively countably compact in X, if
every infinite subset of A has a point of accumulation in X.
Lemma 2.11. Let p be a closed continuous mapping of a space X onto a space Y , H
a subspace of X such that the restriction of p to H is finite-to-one, and F a relatively
countably compact subspace of Y . Then the set A= p−1(F ) ∩H is relatively countably
compact in X, that is, every infinite subset of A has a point of accumulation in X.
Proof. Assume the contrary, and let B be the closure ofA inX. By the assumption, we can
fix an infinite closed discrete subspaceK of X such thatK ⊂A. Then, since the restriction
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of p to A is finite-to-one, and p is closed, p(K) is an infinite closed discrete subspace of
F , contradicting relative countable compactness of F in Y . 2
Lemma 2.12. Let p be a closed continuous mapping of a Dieudonné complete space X
onto a σ -relatively countably compact space Y , and H a subspace of X such that the
restriction of p to A is finite-to-one. Then there exists a σ -compact subspace S of X such
that H ⊂ S.
Proof. Indeed, Y =⋃{Fi : i ∈ ω}, where each Fi is relatively countably compact in X.
Put Bi =H ∩ p−1(Fi). Since H ∩ p−1(Fi) is relatively countably compact in X, Bi is a
pseudocompact subspace of X [4]. Since X is Dieudonné complete, this implies (see [11]),
that Bi is compact.
From Y =⋃{Fi : i ∈ ω} it follows that H ⊂ S, where S =⋃{Bi : i ∈ ω}. 2
Now we can easily prove that the space M is not σ -compact. Otherwise, according to
Lemma 2.12, the set J1 of all isolated points of the Alexandroff double A(J ) of the space
J of irrationals would be contained in σ -compact subspace of A(J ), since the restriction
of the projection p of A(J ) onto M is one-to-one on J1 and A(J ), being Lindelöf, is
Dieudonné complete [11]. But the space A(J ) continuously maps onto J by a natural
mapping under which the image of J1 is J . Therefore, J is σ -compact, a contradiction.
The next result is a byproduct of Lemma 2.12. Though it lies outside of the scope of this
article, we present it to demonstrate some non-trivial aspects of Lemma 2.12.
Theorem 2.13. If a σ -relatively countably compact space Y is a closed continuous image
of a Dieudonné complete space X under a closed continuous mapping f , then Y is σ -
compact.
Proof. Fixing a point in f−1(y), for each y ∈ Y , we obtain a subspace H of X, such that
the restriction of f to H is one-to-one and f (H)= Y .
From Lemma 2.12 it follows that there exists a σ -compact subspace S of X such that
H ⊂ S. Then Y = f (S), and therefore, Y is σ -compact. 2
Note, that in general, Dieudonné completeness, as well as Hewitt completeness, is not
preserved by closed continuous mappings (see [11,8]).
3. When is Cp(X) projectively σ -compact?
In what follows, N is the set of positive natural numbers, R is the usual space of real
numbers, Z is a set, RZ is the product space (the elements of which we also interpret
as mappings of Z in R), and (RZ)0 is the subspace of RZ consisting of all sequences
converging to zero. A subset Y of RZ we call set-separating, if for any two disjoint subsets
A and B of Z there exists f in Y such that the closures of the sets f (A) and f (B) in R
are disjoint (in this case we say that f separates A and B).
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Lemma 3.1. Every σ -compact subspace Y of RZ , containing the set (RZ)0, is set-
separating.
Proof. Assume the contrary, and let Y =⋃{Kn: n ∈ N}, where each Kn is a compact
subspace of RZ . Fix also disjoint subsets A and B of Z such that no f ∈ Y separates A
and B . Fix n ∈ N, and let T be the set of all pairs t = (M,L), where M is a finite subset
of A and L is a finite subset of B . For each t = (M,L) ∈ T , let F(n, t) be the set of all
functions f ∈RZ such that f (x)> 1/n for each x ∈M and f (x)6−1/n for each x ∈ L.
We also put Kn(t)= F(n, t) ∩Kn.
Clearly, Kn(t) is closed in Kn for each t ∈ T . Let us show that Kn(t) is empty, for
some t ∈ T . Indeed, otherwise the family η = {Kn(t): t ∈ T } is centered, and since Kn is
compact,
⋂
η is not empty. Any f ∈⋂η separates A and B , since, obviously, f (x)> 1/n
for each x ∈A and f (x)6−1/n for each x ∈B .
Thus, we can fix tn = (Mn,Ln) ∈ T such that the sets F(n, tn) and Kn are disjoint. It
follows that P ∩ Y = ∅, where P =⋂{F(n, tn): n ∈ N}. On the other hand, P ∩ S is not
empty, where S = (RZ)0. Let us show this.
Define a function g ∈ RZ as follows. Let m ∈A. Then g(m) is the smallest n ∈ N such
that m ∈ Mn, provided there exists such n; otherwise, put g(m) = 0. Let m ∈ B . Then
g(m) = −n, where n is the smallest k ∈ N such that m ∈ Lk , provided there exists such
k; otherwise, put g(m) = 0. We also put g(m) = 0 for each m ∈ Z \ (A ∪ B). Now let
f (m) = 1/g(m) if g(m) is not zero, and f (m) = 0 if g(m) = 0. From the definition it
follows that f ∈ F(n, tn) for each n ∈ N. Since the sets Mn and Ln are finite, it also
follows that f ∈ S. Therefore, f ∈ P ∩ S, a contradiction, since S ⊂ Y . 2
Remark. The proof of this lemma, as well as the proof of Proposition 3.6 which is based
on Lemma 3.1, is a modification of an argument of Tkachuk in [22, 3.8–3.10].
Theorem 3.2. For any space X, the space Cp(X) is projectively σ -compact if and only if
Cp(X) is σ -pseudocompact.
Proof. The “if”-part is clear, since every σ -bounded space is projectively σ -compact
(Proposition 1.1).
To prove the “only if”-part, we need the following lemma, which is a a strengthening of
a result in [2] (see Proposition 9.2). Note, that C0p(Y |X) is always the union of a countable
family of closed subspaces of Cp(Y |X). 2
Lemma 3.3. If C0p(Y |X) (or Cp(Y |X)) is σ -compact, then Y is discrete (in itself).
Proof. From Proposition 9.2 in [2] it follows that Y is a P -space. On the other hand,
Lemma 4.2 in the next section implies that the tightness of Y is countable. Therefore, the
space Y is discrete. 2
Proposition 3.4. If Cp(X) (or C0p(X)) is projectively σ -compact, then every countable
subspace A of X is closed and discrete.
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Proof. Indeed, A is discrete in itself, by Lemma 3.3. Now, if A is not closed in X, then
adding a point x ∈ A \ A to A, we obtain a countable set A ∪ {x} which is not discrete,
contradicting Lemma 3.3. 2
Proposition 3.5. If Cp(X) is projectively σ -compact, then X is pseudocompact.
Proof. According to Theorem 10 in [6], if X is not pseudocompact, then there exists an
(open) continuous mapping of Cp(X) onto Rω, and therefore, Cp(X) is not projectively
σ -compact. 2
Remark. Note that we cannot replace Cp(X) by C0p(X) in Proposition 3.5. Indeed, it was
shown in [2] that a space X is a P -space if and only if C0p(X) is σ -countably compact.
Thus, each infinite P -space can serve as an example of a non-pseudocompact space X
such that C0p(X) is projectively σ -compact.
Finally, to prove Theorem 3.2 we need the next assertion:
Proposition 3.6. If Y is a discrete subspace of X such that Cp(Y |X) (or C0p(Y |X)) is
σ -compact, then every bounded real-valued function on Y belongs to C0p(Y |X).
Proof. In any case C0p(Y |X) is σ -compact, since C0p(Y |X) is the union of a countable
family of closed subsets of Cp(Y |X) [2].
Let S be the set of all real-valued functions f on Y such that for any positive number ε,
the set {y ∈ Y : |f (y)|> ε} is finite. Since Y is discrete and X is Tychonoff, by a standard
disjoint neighborhoods argument it follows that S ⊂ C0p(Y |X) ⊂ RY . Lemma 3.1 now
implies that the set Z = C0p(Y |X) set-separates Y . Therefore, for any two disjoint subsets
A and B of Y , the closures of A and B in the Stone– ˇCech compactification β(X) of X
are disjoint. It follows that the closure of Y in β(X) is the Stone– ˇCech compactification
β(Y ) of the space Y . This implies that every bounded real-valued function f on Y can be
extended to a bounded real-valued continuous function on X. Hence f ∈ C0p(Y |X). 2
Now we can easily complete the proof of Theorem 3.2.
From Proposition 3.5,X is pseudocompact, and from Propositions 3.4 and 3.6 it follows
that for each countable subsetA ofX,A is discrete, closed inX, and b-embedded inX, that
is, every bounded function on A can be extended to a continuous function on X. Clearly,
then Cp(X) is σ -pseudocompact (see [22]).
Corollary 3.7. The space Cp(X) is projectively σ -compact if and only if X is a
pseudocompact space such that every countable subset of X is b-embedded in X.
Corollary 3.8. If X is realcompact and Cp(X) is projectively σ -compact, then X is finite.
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Proof. By Proposition 3.5, X is pseudocompact. Since X is also realcompact, it follows
that X is compact. Therefore, if X is infinite, then there exists a non-closed countable
subset in X, contradicting Proposition 3.4. Thus X is finite. 2
Corollary 3.9. If X is a normal space such that Cp(X) is projectively σ -compact, then X
is finite.
Proof. By Proposition 3.5, X is pseudocompact. Since X is normal, it follows that X is
countably compact. ThereforeXmust be finite, since otherwise one could find a non-closed
countable subset in X, contradicting Proposition 3.4. 2
Remark. One might wonder, if the assumption that X is realcompact in Corollary 3.8 is
necessary, that is, if there is an infinite space X with the properties listed in Corollary 3.7.
The answer is known; it is “yes”, an example of such a space was constructed by
Shakhmatov [20] (see also [5]).
Recall that a space X is projectively analytic, if every separable metrizable space Y
which is a continuous image of X, is analytic, that is, Y is a continuous image of the space
of irrational numbers (see [18]). The class of projectively analytic spaces is, of course,
much larger than the class of projectively σ -compact spaces. It is well known, and easy
to see, that for every metrizable compact space X, the space Cp(X) is analytic. This fact
suggests the following question: Is Cp(X) projectively analytic, for each compact space
X? The answer turns out to be negative, as we see from the result below.
Recall that a Rosenthal compactum is a compact subspace of the space B1p(J ) of real-
valued first Baire class functions on the space J of irrational numbers in the topology of
pointwise convergence (see [10]).
Theorem 3.10. LetX be a compact space. Then Cp(X) is projectively analytic if and only
if the closure of each countable subset M of X is a Rosenthal compactum.
Proof. The “only if” part. Let A be a countable subset of X and F the closure of A. We
have to show that F is a Rosenthal compactum. Note that F is separable. According to a
well known result of Godefroy [10], we only have to check that for any countable dense
subsetA of F , the space Cp(A|F) is analytic. The space Cp(A|F) is separable metrizable,
since A is countable. Taking into account that Cp(A,F ) is a continuous image of Cp(X)
under the restriction mapping, and our assumption that Cp(X) is projectively analytic, we
conclude that Cp(A|F) is analytic. Hence F is a Rosenthal compactum.
The “if” part. Let h be a continuous mapping of Cp(X) onto a separable metrizable
space Y . Then (see Corollary 1 and Theorem 10 in [1]), there exists a countable subspaceA
ofX and a continuous mapping φ of Cp(A|X) onto Y such that h is the composition of the
restriction mapping r of Cp(X) onto Cp(A|X) with φ: h= φ ◦ r . By the assumption, the
closure of A in X is a separable Rosenthal compactum F ; therefore, Cp(A|F) is analytic,
by the theorem of Godefroy. Since Cp(A|F)= Cp(A|X) and Y is the continuous image of
Cp(A|X) under φ, we conclude that Y is analytic. 2
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Recall that a space X is said to be ω-monolithic, if for each countable subset A of X, the
closure of A inX is a space with a countable network. IfX is an ω-monolithic compactum,
then the closure of any countable subset of X is metrizable [4] and, therefore, a Rosenthal
compactum [10]. It follows that the next result is a corollary of Theorem 3.10:
Corollary 3.11. If X is an ω-monolithic compact space, then Cp(X) is projectively
analytic.
4. When is Cp(Y |X) σ -compact
In this section we apply Lemma 3.1, combined with some other facts, to considerably
strengthen a result from [4] (see also [2]). Let Y be a dense subspace of a space X such
that Cp(Y |X) is σ -compact. In [4] it was proved that then Y is a P -space and X is
pseudocompact. Now we can prove more:
Theorem 4.1. Let Y be a subspace of X dense in X. Then Cp(Y |X) is σ -compact if and
only if Y is a discrete space, Y is countably compact in X, and X is a subspace of the
Stone– ˇCech compactification β(Y ) of Y .
Proof. The “if” part is clear. Indeed, if Y is a discrete space, Y is countably compact
in X, and X is a subspace of the Stone– ˇCech compactification β(Y ) of Y , then X is
pseudocompact, and, obviously,Cp(Y |X)= C0p(Y ) is just the σ -compact subspace of RY ,
consisting of all bounded real-valued functions on Y , since Y is discrete.
It remains to prove the “only if” part. Since we already know that Y is a P -space [4], and
Cp(Y |X) in Theorem 4.1 is Lindelöf, to prove that Y is discrete, it is enough to establish
the following lemma, generalizing the classical result of Pavlovskij (see [2,4]):
Lemma 4.2. If Y is a subspace of a spaceX such that Cp(Y |X) (or C0p(Y |X)) is Lindelöf,
then the tightness of Y is countable.
Proof. We follow the proof of Theorem 1.4.1 in [4]. The argument is presented for the
sake of completeness. Note that if Cp(Y |X) is Lindelöf, then C0p(Y |X) is also Lindelöf,
since the second space is the union of a countable family of closed subspaces of the first
space.
Let A be a subset of Y and y a point in Y such that y ∈ A. Consider the subspace F
of C0p(Y |X) consisting of all f ∈ C0p(Y |X) such that f (y) = 1. Clearly, F is closed in
C0p(Y |X), and therefore, Lindelöf.
For each z ∈ A, put Vz = {g ∈ C0p(Y |X): g(z) > 0}. The set Vz is open in C0p(Y |X),
for each z ∈ A, and F ⊂⋃{Vz: z ∈ A}. Indeed, for each f ∈ F there exists z ∈ A such
that f (z) > 0, since f is continuous, f (y)= 1, and y ∈A. Therefore, since F is Lindelöf,
there exists a countable subset B of A such that F ⊂⋃{Vz: z ∈ B}.
Let us show that y ∈ B . Assume the contrary. Then there exists a function f ∈ C0p(X)
such that f (y)= 1 and f (z)= 0 for every z ∈ B . The restriction of f to Y is a function
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f0 ∈ C0p(Y |X) such that f0(y)= 1 and f0(z)= 0 for every z ∈ B . It follows that f0 ∈ F
and f0 is not in the set
⋃{Vz: z ∈ B}, a contradiction. 2
Coming back to the proof of Theorem 4.1, we see that the tightness of Y is countable,
and therefore, Y is discrete (in itself).
We also know that X is pseudocompact, by a result in [4]. Since Y is dense in X, and Y
is discrete in itself, it follows by regularity of X that Y is an open subspace of X, that is,
every point of Y is isolated in X. Since X is pseudocompact, it follows that every infinite
subset of Y has a point of accumulation in X, that is, Y is countably compact in X.
To establish the last part of Theorem 4.1, it obviously suffices to prove that for any two
disjoint subsets B and C of Y , there exists a function g ∈ C0p(Y |X) such that the closures
of g(B) and g(C) in R are disjoint (see [11]). Now, Cp(Y |X) is a σ -compact subspace
of RY containing the set (RY )0, since Y is discrete. Therefore, Cp(Y |X) is set-separating,
that is, there exists g in Cp(Y |X) such as we need. See also Proposition 3.6. The proof of
Theorem 4.1 is complete. 2
5. On Lindelöf spaces of caliber ω1: A result with an application to Cp-theory
The following assertion is well known [8]: If X is a compact sequential Hausdorff
space such that ω1 is a caliber of X, then the cardinality of X is not greater than 2ω.
A generalization of this result was formulated by Shapirovskij [19]: If X is a regular
Lindelöf sequential space such that ω1 is a caliber of X, then the cardinality of X does
not exceed 2ω . The proof of this result was not published, probably, because it is a
straightforward adaptation of an argument in [16]. Below we establish a more general
result.
Recall that T (X)6 ω if for every increasing transfinite sequence γ = {Pα : α < ω1} of
closed sets in X, the union of it is closed in X (see [13]).
Theorem 5.1. Let X be a regular Lindelöf space such that T (X)6 ω and ω1 is a caliber
of X. Then the density of X does not exceed 2ω.
Proof. Assume the contrary. For each non-empty subset A of X we fix a point c(A) ∈A.
Let us define inductively an increasing transfinite sequence η = {Qα : α < ω1} of subsets
of X and a transfinite sequence µ = {Uα : α < ω1} of non-empty open sets in X in the
following way.
Let Q0 be any non-empty countable subset of X. Assume that for some β < ω1 the
sets Qα such that |Qα|6 2ω and the non-empty open sets Uα are already defined for each
α < β .
Let ηβ be the family of all countable subfamilies λ of the family {Uα: α < β} such that⋂
λ is not empty. For each λ ∈ ηβ put xλ = c(⋂λ), and let
Pβ = {xλ: λ ∈ ηβ }, Qβ =
(⋃
{Qα : α < β}
)
∪Pβ.
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Clearly, the cardinality of Qβ does not exceed 2ω. Therefore, by the assumption, the
closure Fβ of the set Qβ is not X, and we can find a non-empty open set Uβ such that the
sets Uβ and Fβ are disjoint. The definition of the transfinite sequences is complete. 2
Note that from the construction it is clear that the following condition is satisfied:
(a) if α < β < ω1, then Fα ⊂ Fβ and Fα ∩Uβ = ∅.
Put
F =
⋃
{Fα : α < ω1} and Q=
⋃
{Qα : α < ω1}.
Then F is closed in X, since T (X)6 ω. It follows that F is a Lindelöf subspace of X.
Since ω1 is a caliber of X, there is an uncountable subfamily ξ of the family {Uα: α <
ω1} such that ⋂ ξ is not empty. Then, for each countable subfamily λ of ξ , there exists
β < ω1 such that λ ∈ ηβ and, therefore, xλ ∈Qβ ⊂Q⊂ F . Since xλ ∈⋂λ, it follows that
(
⋂
λ) ∩ F is not empty. Thus, we have established that the family ξF = {V ∩ F : V ∈ ξ}
is countably centered. Since F is Lindelöf, it follows that the intersection of the closures
of elements of ξF contains a point y of F . Then, by the definition of F , there is α < ω1
such that y ∈ Fα . Since ξ is uncountable, there exists β < ω1 such that α < β and Uβ ∈ ξ .
Then, by condition (a), the closure of Uβ and the set Fα are disjoint; therefore, y does not
belong to the closure of Uβ , a contradiction.
Corollary 5.2 [19]. IfX is a regular sequential Lindelöf space such that ω1 is a caliber of
X, then |X|6 2ω.
Proof. Since X is sequential, T (X) 6 ω. Therefore, by Theorem 5.1, the density of X is
not greater than 2ω. Using again the fact that X is sequential (and taking into account that
X is Hausdorff), we conclude that |X|6 2ω (see [8]). 2
Now we are going to give an application of Theorem 5.1 to Cp-theory. The following
two questions are open:
Question 5.3. Let X be a space such that ω1 is a caliber of X. Is then true in ZFC that
every compact subspace of Cp(X) is metrizable?
Question 5.4. Let X be a regular Lindelöf space, and F a compact subspace of Cp(X). Is
then true in ZFC that the tightness of F is countable?
The first question is equivalent to a problem of Hušek concerning metrizability of
compacta with the small diagonal (see [12]). Under CH the answer is “yes” (see [5]).
The answer to the second question is “yes” under PFA [4].
The result we obtain below with the help of Theorem 5.1 is much weaker than would
be the positive answers to Questions 5.3 and 5.4. Our only excuse is that we obtain it in
ZFC, and that it may turn out to be helpful in the further search for ZFC-answers to these
questions. Also the proof of it is quite non-trivial, which may seem rather amazing, since
much stronger consistency results are available!
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Recall that the extent e(X) of a space X is countable if every closed discrete subspace
of X is countable.
Theorem 5.5. Let X be a space of the countable extent, such that ω1 is a caliber of X.
Then the weight of any compact subspace F of Cp(X) does not exceed 2ω .
Proof. Let ψF :X→ Cp(F) be the evaluation mapping, that is, ψF (x)(f ) = f (x), for
each f ∈ F and each x ∈ X. Then the extent of the subspace Y = ψF (X) of Cp(F) is
countable. Since F is compact, it follows from Baturov’s Theorem [9] (see also [4]) that
Y is Lindelöf. Since Y is a continuous image of X, ω1 is a caliber of Y . Note also that the
tightness of Cp(F) is countable, since F is compact [4]. It follows that the tightness of Y
is countable as well.
We see that the space Y satisfies all the conditions in Theorem 5.1. It follows that there
exists a subset Z of Y dense in Y such that |Z|6 2ω. Now from the definition of Y it is
clear that functions in Y separate points of F (see [4]). Since Z is dense in Y , the functions
in Z also separate points of F . It follows that the evaluation mapping ψZ of F in Cp(Z) is
one-to-one. Since F is compact and ψZ is continuous, F is homeomorphic to the subspace
ψZ(F) of Cp(Z). The weight of Cp(Z) is not greater than |Z|. Therefore, the weight of F
is not greater than 2ω. 2
Question 5.6. LetX be a Lindelöf space such that ω1 is a caliber of X. Is then true in ZFC
that every compact subspace of Cp(X) is metrizable?
Here is a special version of this question:
Question 5.7. Let X be a compact space such that Cp(X) is Lindelöf and ω1 is a caliber
of Cp(X). Is then true in ZFC that X is metrizable?
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